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Outline

✦ Introduction 

✦ Nucleon partonic structure - PDFs

✦ Parton fragmentation to hadrons - FFs

✦ Nucleon structure @ quantum computer
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What are we made of ?

water molecule atom

hadron
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QCD confinement

✦ QCD as the fundamental theory of strong interaction

QCD confinement

Figure taking from PRL 134,111902
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scattering: a fundamental tool to explore the nuclear structure! 

Rutherford	scattering

1911

Electron-Ion Collider (EIC) 

!  A giant “Microscope” 

!  A sharpest “CT” 

To “see” quarks and gluons 

To “cat-scan” nucleons and nuclei 
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Electron-Ion Collider (EIC) 

!  A giant “Microscope” 

!  A sharpest “CT” 

To “see” quarks and gluons 

To “cat-scan” nucleons and nuclei 

Eα ≈ 5MeV

Probing nuclear structure at different energy scales 
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slide from Yutie Liang

Worldwide experiments for nucleon structure
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Electron Ion Colliders -> the next generation facility specifically for nucleon structure!

1969: reality of free quarks within the proton

slide from Yutie Liang

Worldwide experiments for nucleon structure
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Revolution of our view of hadron structure

Prof. M.A. Thomson Michaelmas 2011 184

Deep Inelastic Scattering 
! It can be shown that the most general Lorentz Invariant expression

for e-p ! e-X inelastic scattering (via a single exchanged photon is):

INELASTIC
SCATTERING(1)

ELASTIC
SCATTERINGc.f.

We will soon see how this connects to the quark model of the proton

• NOTE: The form factors have been replaced by the STRUCTURE FUNCTIONS
and

which are a function of x and Q2: can not be interpreted as the Fourier transforms
of the charge and magnetic moment distributions. We shall soon see that they 
describe the momentum distribution of the quarks within the proton

! In the limit of high energy (or more correctly ) eqn. (1) becomes:

(2)

Prof. M.A. Thomson Michaelmas 2011 185

• In the Lab. frame it is convenient to express the cross section in terms  of the 
angle,     , and energy,    , of the scattered electron – experimentally well measured.
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•In the Lab. frame, Equation (2) becomes: (see examples sheet Q13)

(3)

Pure Magnetic Structure FunctionElectromagnetic Structure Function
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Q2 = →q2
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x =
Q2

2p · q
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y =
p · q
p · ω
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Revolution of our view of hadron structure

Prof. M.A. Thomson Michaelmas 2011 200

HERA  e±p Collider : 1991-2007
! DESY (Deutsches Elektronen-Synchroton) Laboratory, Hamburg, Germany

27.5 GeV 820 GeV
!s = 300 GeVe" p

HERA�

PETRA

DORIS

HASYLAB

DESY

Halle NORD (H1)
Hall NORTH (H1)

Halle OST (HERMES)
Hall EAST (HERMES)

Halle SÜD (ZEUS)
Hall SOUTH (ZEUS)

Halle WEST (HERA-B)
Hall WEST  (HERA-B)

Elektronen / Positronen
Electrons / Positrons

Protonen
Protons�
�
Synchrotronstrahlung
Synchrotron Radiation

Hall nord  (H1)

Hall ouest  (HERA-B)

Hall est (HERMES)

Rayonnement Synchrotron

Hall sud (ZEUS)

Electrons / Positons �

Protons�
�

H1

ZEUS

2 km

! Two large experiments : H1 and ZEUS
! Probe proton at very high Q2 and very low x

Example of a High Q2 Event in H1

Prof. M.A. Thomson Michaelmas 2011 201

pe+

jet

#

!Event kinematics determined
from electron angle and energy

!Also measure hadronic 
system (although not as
precisely) – gives some
redundancy
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Revolution of our view of hadron structure
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Lepton-lepton colliders Hadron-hadron colliders lepton-hadron colliders

11

QCD & Hadron Structure needs Lepton-Hadron Collider

q Hadrons are produced in hadron-hadron collisions:

§ Partonic structure 
§ Emergence of hadrons
§ Heavy ion target or beam(s) 

Also at the LHC

q Hadrons are produced in lepton-hadron collisions:

Also at COMPASS &  future EIC

§ Colliding hadron can be broken 
or stay intact! 

§ Imaging partonic structure
§ Emergence of hadrons 
§ Heavy ion target or beam

Ideal facility for hadron structure!

q Hadrons are produced from the energy in e+e- collisions:

§ No hadron to start with
§ Emergence of hadrons
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q Hadrons are produced in lepton-hadron collisions:

Also at COMPASS &  future EIC

§ Colliding hadron can be broken 
or stay intact! 

§ Imaging partonic structure
§ Emergence of hadrons 
§ Heavy ion target or beam

Ideal facility for hadron structure!

q Hadrons are produced from the energy in e+e- collisions:

§ No hadron to start with
§ Emergence of hadrons

BEPC, SuperKEKB HERA, JLabRHIC, LHC

‣ No hadron in the initial-state


‣ Hadrons are emerged from 
energy


‣ Not ideal for studying hadron 
structure

‣ Hadrons in the initial-state


‣ Hadrons are emerged from 
energy


‣ Currently used for studying 
hadron structure

‣ Hadrons in the initial-state


‣ Hadrons are emerged from 
energy


‣ Ideal for studying hadron 
structure

Modern facilities to probe the nucleon partonic structure
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✦ Extract proton PDFs（1D）from world data EIC user group

Modern view of proton structure
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✦ Extract proton PDFs（1D）from world data

gluon sea quark valence quark

EIC user group

Modern view of proton structure
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✦ No way to directly see the parton - color confinement

How to probe the nucleon partonic structure?

Jun 19, 2014 Zhongbo Kang, LANL

QCD: the fundamental theory of the strong interaction

! As the fundamental theory, QCD describes the interaction between 
quarks and gluons (not hadrons directly)

! Feynman rules: gluon carries the color, thus can self-interact

6

fq/p(x) = ∫
∞

−∞

dy−

2π
eixp+y−⟨p | ψ̄(0) γ+

2 𝒲(0,y−)ψ(y−) |p⟩
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✦ Indispensable joint efforts from experiments and QCD theory

34

Emergent Properties of Dense Gluons

² What are the emergent properties of dense systems of gluons, 
when the occupation number is ~ O(1)?

QS: Matter of Definition and Frame (II)

7

Infinite Momentum Frame:
• BFKL (linear QCD): splitting functions ⇒ gluon density grows
• BK (non-linear): recombination of gluons ⇒ gluon density tamed

BFKL: BK adds:

αs << 1αs ∼ 1 ΛQCD

know how to 
do physics here?

m
ax

. d
en

sit
y

Qs kT

~ 1/kT

k T
 φ

(x
, k

T2 )

• At Qs:   gluon emission balanced by recombination

Unintegrated gluon distribution
depends on kT and x:
the majority of gluons have 
transverse momentum kT ~ QS
(common definition)
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αs << 1αs ∼ 1 ΛQCD

know how to 
do physics here?

m
ax

. d
en

sit
y

Qs kT

~ 1/kT

k T φ
(x
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• At Qs:   gluon emission balanced by recombination

Unintegrated gluon distribution
depends on kT and x:
the majority of gluons have 
transverse momentum kT ~ QS
(common definition)

vs.

q Another HERA discovery:

q Impact of color entanglement enhanced at small-x:

e p
bT

kT
xp

bT

kT
xpDIS

tots ! Ä + + …xP, kT

<latexit sha1_base64="wCh8xRlmwM3OMgxKUPnSKkR/aiQ=">AAAB/HicbVBNT8JAEJ3iF+JXlaOXjcQEL9gSoh5JvHgTEvlIoJDtssCG7bbZ3ZqQBv+KFw8a49Uf4s1/4wI9KPiSSV7em8nMPD/iTGnH+bYyG5tb2zvZ3dze/sHhkX180lRhLAltkJCHsu1jRTkTtKGZ5rQdSYoDn9OWP7md+61HKhULxYOeRtQL8EiwISNYG6lv55MuwRzdz4r1vuqJy3pPXPTtglNyFkDrxE1JAVLU+vZXdxCSOKBCE46V6rhOpL0ES80Ip7NcN1Y0wmSCR7RjqMABVV6yOH6Gzo0yQMNQmhIaLdTfEwkOlJoGvukMsB6rVW8u/ud1Yj288RImolhTQZaLhjFHOkTzJNCASUo0nxqCiWTmVkTGWGKiTV45E4K7+vI6aZZL7lWpXK8UqpU0jiycwhkUwYVrqMId1KABBKbwDK/wZj1ZL9a79bFszVjpTB7+wPr8AVYMk+E=</latexit>

O(Qn
s /Q

n)=
X

f

Ĉf ⌦ �f +O
�
Q2

s/Q
2
�
+O

�
Q4

s/Q
4
�
+ ...

Color entangled or correlated 
between two active partons

Q2
s / parton density

Saturation is a part of QCD, 
where to find it?Saturation of gluons

= Color Glass Condensate (CGC)

q Saturation:
When                    , every term is equally important, and
counting single parton is meaningless

<latexit sha1_base64="yXKLZm7mE1RHr2lhKAzLgBUb5tE=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjwmYBIxWcLsZDYZMo9lZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSjgz1ve/vcLG5tb2TnG3tLd/cHhUPj7pGJVqQttEcaUfImwoZ5K2LbOcPiSaYhFx2o0mt3O/+0S1YUre22lCQ4FHksWMYOukx9bAoL5hArUG5Ypf9RdA6yTISQVyNAflr/5QkVRQaQnHxvQCP7FhhrVlhNNZqZ8ammAywSPac1RiQU2YLS6eoQunDFGstCtp0UL9PZFhYcxURK5TYDs2q95c/M/rpTa+CTMmk9RSSZaL4pQjq9D8fTRkmhLLp45gopm7FZEx1phYF1LJhRCsvrxOOrVqcFWtteqVRj2PowhncA6XEMA1NOAOmtAGAhKe4RXePOO9eO/ex7K14OUzp/AH3ucPnXqQMA==</latexit>

Qs ⇠ Q

Need new and coherent degree of freedom
More of the wave nature of the glue!

Part of QCD

QCD factorization theorem

Experimental 
measurements

Hard part 
controlled by pQCD theory Nucleon partonic structure

How to probe the nucleon partonic structure?

理论 计算实验



PDFs Evolution 

Coefficient functions  

Generation of Theory Data

Experimental Data

  Construction χ2
n

PDF Parametrization 

MC Sampling of parameter space: new parameters introduced 

Minimization of χ2
global

Construction of  from χ2
global χ2

n

Hessian Matrix 
Constructed sampling the   function
χ2

global

Best  fit

Uncertainties
PDF eigen vectors set  
using Hessian Method

Fitting Framework

Methodology for global extraction of PDFs

理论
+
计算

+
实验
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Wigner distribution

5D view

Many more remains to be answered: proton mass, proton spin, 3D structure …

Multi-dimensional view of nucleon structure
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✦  QCD evolution of nucleon 1D structure

DGLAP

X. Chen et al, JHEP, 2022

There is no still picture for partons inside nucleon!

Predictive power of pQCD
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Anatomy of nuclear matter at high-energies
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Proposed Electron-ion colliders

4

RHIC ! US-EIC

LHC ! LHeC HIAF ! EicC

FAIR ! ENC

slide from Jinlong Zhang
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no
n-

pe
rtu
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 re
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on

Y = ln 1
x

ln Q2

dense region

relatively dense region

dilute region

Dilute region: 

Probing length 

x ∼ 𝒪(1)
λ ∼ 1/xp ≪ L ∼ A1/3

Relatively dense region: 

Probing length 

x ≲ 𝒪(1)
λ ∼ 1/xp ≲ L ∼ A1/3

Dense region: 

Probing length 

x ≪ 𝒪(1)
λ ∼ 1/xp ≫ L ∼ A1/3

QCD “phase diagram” for nuclei
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no
n-
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 re
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Y = ln 1
x

ln Q2

dense region

relatively dense region

dilute region

Leading twist collinear factorization

PDF, DGLAP evolution

Collins, Soper, 1981

High-twist formalism

Multi-parton correlation, DGLAP-type evolution

Qiu, Stermann, 1991

Kang, Wang, Wang, Xing, 2014

Color Glass Condensate (CGC)

Wilson lines, nonlinear BK/JIMWLK evolution

See review: Gelis, Iancu, Venugopalan, 2003

QCD factorization from dilute to dense region



23

• Take direct photon production as an example to prove the matching of CGC and HT

⟨k2
⊥⟩ ∼ Q2

s ∝ A1/3x−λ

Parton	density	increases

establish a unified picture for dilute-dense dynamics in QCD medium

CGC

Fu, Kang, Salazar, Wang, HX, PRL, 2025

CGC meets twist expansion
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✦ One-dimensional nuclear partonic structure

RA
i =

fi/A(x,Q
2)

fi/p(x,Q2)
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EMC Collaboration, 1983

Long standing problems of nuclear partonic structure 
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Cronin effect

E100 Collaboration, PRD 11, 3105（1975）

Fi/p(x, kT) = fi/p(x) e−k2
T /⟨k2

T⟩

π⟨k2
T⟩ , ⟨k2

T⟩A → ⟨k2
T⟩p + ⟨ 2μ2L

λ ⟩ ξ2

• Naive Gaussian model

Long standing problems of nuclear partonic structure 

✦ Three-dimensional nuclear partonic structure
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✦ Transverse momentum dependent PDFs (TMDs)

• Probing nucleon 3D structure requires two momentum scales


• Hard scale  localizes the probes (particle nature 
of quarks/gluons)


• Soft scale  accesses the transverse motion of 
quarks/gluons

Q1 ≫ 1/fm

Q2 ∼ 1/fm

!  Cross sections with two-momentum scales observed: 
Q1 � Q2 ⇠ 1/R ⇠ ⇤QCD

" Hard scale:           localizes the probe  
                                      particle nature of  quarks/gluons 

Q1

"  “Soft” scale:         could be more sensitive to the  
                                      structure, e.g., confined motion 

Q2

Hadron’s 3D partonic structure 

!  Two-scale observables at the EIC: 

Parton’s confined motion  
encoded into TMDs   

SIDIS:  Q>>PT 

"  Semi-inclusive DIS: 

+ … 

"  Exclusive DIS: 

+ … 

DVCS: Q2 >> |t| 

Parton’s spatial imaging from Fourier 
transform of  GPDs’ t-dependence 

!  Cross sections with two-momentum scales observed: 
Q1 � Q2 ⇠ 1/R ⇠ ⇤QCD

" Hard scale:           localizes the probe  
                                      particle nature of  quarks/gluons 

Q1

"  “Soft” scale:         could be more sensitive to the  
                                      structure, e.g., confined motion 

Q2

Hadron’s 3D partonic structure 

!  Two-scale observables at the EIC: 

Parton’s confined motion  
encoded into TMDs   

SIDIS:  Q>>PT 

"  Semi-inclusive DIS: 

+ … 

"  Exclusive DIS: 

+ … 

DVCS: Q2 >> |t| 

Parton’s spatial imaging from Fourier 
transform of  GPDs’ t-dependence 

Global analysis of nuclear TMD



27

✦From collinear (1D) to TMD (3D)

Global analysis of nuclear TMD
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Reasonable	good	overall	description	on	world	data	from	HERMES,	FNAL,	RHIC,	LHC

Alrashed, Anderle, Kang, Terry, HX, PRL 2022

Global analysis of nuclear TMD
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• First time quantitative determination of nuclear TMDs 
• Identification of transverse momentum broadening in nuclei

Three-dimension imaging in nuclei

Alrashed, Anderle, Kang, Terry, HX, PRL 2022

Alrashed, Kang, Terry, HX, Zhang, 2312.09226
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QCD confinement

✦ QCD as the fundamental theory of strong interaction

QCD confinement

Figure taking from PRL 134,111902
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QCD confinement - FF as a proxy of hadronization

✦ First validating QCD via FFs - “discovery” of gluon!

Berman, Bjorken, Kogut, PRD (1971)

• The first propose of FFs • The first phenomenological indication of gluons

CERN-ISR, PLB, 1973

Cambridge, Kripfganz, Ranft, PLB (1977) 
Cutler, Sivers, PRD (1978) 
Owens, Reya, Gluck, PRD (1978)

Cahalan, Geer, Kogut, Susskind, PRD (1975)

EARLIER THAN 
Gluon discover by 

3-jet events in  (TASSO, 1979)e+e−
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QCD factorization for hadron production

✦ Access to FFs in ,  and  collisions: universality of FFspp e+e− ep

• Factorization requires large momentum transfer Q ≫ ΛQCD

σpp→hX = fi/p ⊗ fj/p ⊗ ̂σij→k ⊗ Dk→h

experimental 
measurement

global 
extractionpQCD

BEPC, SuperKEKB HERA, JLab, EIC/EicCRHIC, LHC

global 
extraction
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Non-perturbative Physics Collaboration (NPC)

Jun Gao

SJTU

Yuxiang Zhao

IMP

Xiaomin Shen

IMP

Mengyang Li

SJTU

Chongyang Liu

SJTU

Yiyu Zhou

IMP

Hongxi Xing

SCNU
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FF global fitting panorama
✦ Joint efforts from experiments & theory in extracting FFs

FFs Collab. NPC DSS NNFF JAM HKNS MAPFF

SIA

SIDIS

pp incl. hadron

pp hadron in jet

stat. treatment Hessian Hessian Monte Carlo Monte Carlo Hessian Monte Carlo

parametrization standard standard neural network standard standard neural network

hadron species

pQCD order NLO/NNLO NLO NNLO NLO NLO Approx. NNLO

latest update PRL 132, 261903  (2024) 
PRD 110, 114019  (2024)

PRD 95, 094019 (2017) 
PRD 105, L031502 (2022) 

EPJC 77, 516 (2017) 
EPJC  78, 651 (2018) PRD 94, 114004 (2016) PTEP 2016, 113B04 

(2016) PLB 834, 137456 (2022) 

π±, K±, p/p̄ π±, K±, p/p̄ π±, K±, p/p̄ π±, K± π±, K±, p/p̄ π±, K±
η, k0

s , Λ

NPC: the most precise and complete FFs to date!
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New efforts from NPC
✦ NPC23 vs. others

• General agreement for u/d quark to pion

• Discrepancies for FFs to kaon/proton and gluon FFs

Gao, Liu, Shen, HX, Zhao, PRD Editor’s suggestion
Gao, Liu, Shen, HX, Zhao, PRL, 2024, 2025
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• FFs are universal, why they look 
different?

‣ Different selections of experimental 
data ( kinematic cut)


‣ Different parametrization for FFs at 
initial scale, NNFF unbiased? DSS 
biased?


‣ Everything else is the same

More measurements are needed to 
further constrain the FFs!

✦ NPC23 vs. others Gao, Liu, Shen, HX, Zhao, PRD Editor’s suggestion

New efforts from NPC

Gao, Liu, Shen, HX, Zhao, PRL, 2024, 2025
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New efforts from NPC

126/108 Hessian error FFs for charged 
 at NLO/NNLO are all available in 

LHAPDF
π, k, p
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Probe hadronization via FFs
✦ Jet fragmentation function -> gluon hadronization

• The most accurate 
determination of gluon FF

NPC23, PRL, 2024

• The first phenomenological 
indication of gluons

CERN-ISR, PLB, 1973

Cahalan, Geer, Kogut, Susskind, PRD (1975)
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Validating QCD sum rule via FFs
✦ Test of QCD momentum sum rule Gao, Liu, Li, Shen, HX, Zhao, Zhou, 

arXiv: 2503.21311

Momentum sum rule: ∑
h

∫
1

0
dzzDh

i (z, Q) = 1

⟨z⟩h
i = ∑

h
∫

1

zmin

dzzDh
i (z, Q)

Momentum sum rule test with finite z-cut:

• Strange quark is always strange: violation of momentum sum rule?

• Need more advanced experimental techniques to isolate feed-down contributions 

from short-lived strange hadrons
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✦ A fail story to criticize QCD factorization
Do we really trust QCD factorization?

The reported excess of high 
 prompt charged particles 

over pythia predictions was 
found to be largely due to 
mismeasured tracks …

pT
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 A successful story to believe pQCD prediction

The reported excess of high 
 prompt charged particles 

over pythia predictions was 
found to be largely due to 
mismeasured tracks …

pT
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Can we simulate particle collisions from first principles?
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✦ A bit history

“... and if you want to make a simulation of nature, you’d better make 
it quantum mechanical, ...” 
                                                                                                                                                                                                                                                                                                                                                                                                                                                —Feynman 

Quantum computing
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https://qiskit.org/

• Qubit: takes infinitely many different values

• Quantum gate: unitary operators (X、Y、Z、CNOT)

✦ Building blocks of quantum computing

• Measurements: Hermitian

Quantum computing
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Inspire:  
find t quantum computing and date>2016

876

11

Increasing interest using quantum computing
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Opportunities for  
Nuclear Physics &  
Quantum Information Science
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Community-wide efforts
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✦ Electron-proton collisions 

|⟨X(T) |U(T, − T) |ep (−T)⟩ |2

✦ Key steps

• Prepare initial states from the distance past 


• Evolve these states from the distance past to time  , 


• Perform measurement in final state

(−T)

T U(T, − T) → e−iH(ψ)T

However, the Hilbert space in quantum field theory is infinite …

First principle calculation on lattice
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ψ

ϕ1
ϕ2
ϕ3
ϕ4 L = nLa

(nLa)−1 ≲ E ≲ a−1

✦ Digitize field  at discrete points xϕ

|⟨X(T) |U(T, − T) |ep (−T)⟩ |2

• Hilbert space dimension: 


     : # of digitized field values


     : # of lattice points per dimension


      : # of dimensions


nH = (nϕ)nLd

nϕ

nL

d

• Energy range can be described by lattice

 


100MeV ≲ E ≲ 13TeV

nd
L ∼ 1015

Full energy range of LHC:

Assume 5 bit digitization: nϕ = 25 = 32
Dimension of Hilbert space: nH = 321015 ∼ ∞

First principle calculation on lattice
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ψ

ϕ1
ϕ2
ϕ3
ϕ4 L = nLa

✦ Digitize field  at discrete points xϕ

|⟨X(T) |U(T, − T) |ep (−T)⟩ |2

• Hilbert space dimension: 


    Quantum computing: encoding in qubits 

     


nH = (nϕ)nLd

nq = ln2 nH = nD
L ln2 nϕ

For LHC:  nq = 5 × 1015

Way beyond NISQ ear in quantum computing!

  

First principle calculation on lattice
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Sketch of a hadron-hadron collision as simulated by a Monte-Carlo event generator. The red

Initial state 
hadron structure

Final state 
hadronization

Intermediate state 
partonic scatterings 

and showers

100MeV ≲ E ≲ 1GeV

nD
L ∼ 103

For the hadron:

Bauer, Freytsis, Nachman, PRL 2021

# of qubits:  nq = 5 × 103

First principle calculation on lattice



51

✦ Operator definition of quark PDF

y− = (t − y3)/ 2

fq/p(x) = ∫
∞

−∞

dy−

2π
eixp+y−⟨p | ψ̄(0) γ+

2 𝒲(0,y−)ψ(y−) |p⟩

✦ PDFs are extremely challenge to simulate directly in Euclidean 
lattice calculation, due to multidimensional oscillating integral.

✦ QC can naturally simulate real-time dynamics.

✦ We are far from QCD Quantum Supremacy, start from a toy model  
for proof of concept study

{real time correlation function

Simulate hadron structure on quantum computer



✦ A toy model - 1+1D NJL (Gross, Neveu, 1974), no gauge field

ℒ = ψ̄(i∂/ − m)ψ + g(ψ̄ψ)2 (no gauge, 1+1) Gross, Neveu, 1974

f(x) = ∫ dz−e−ixMhz−⟨h | ψ̄(z−)γ+ψ(0) |h⟩ = ∫ dz−e−ixMhz−⟨h |eiHzψ̄(0, − z)e−iHzγ+ψ(0) |h⟩

16

A toy model 

Map the QFT on to a qubits+gates system 

Prepare the external state  

Evolution

|h⟩

Li, et al, PRD letter 22

QuNu Collaboration 

•  Map QFT to qubits+gates system


•  Prepare the external hadronic state 


•  Evaluate the real-time dynamical correlation function


•  Measurement of final observable


|h⟩

✦ Challenges in quantum computing

Simulate hadron structure on quantum computer
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✦ Quantum field to qubits+gates
• Discretization: staggered fermion, put different 

fermion components, flavors on different sites


     


•  Jordan-Wigner transformation


     


• Discretized PDF:   


    


ψ = (ψ1
ψ2) → ( ϕ2n

ϕ2n+1)

ϕn = ∏
i<n

Zi(X + iY)n

f(x) → ∑
i,j

∑
z

1
4π

e−ixMhz⟨h |eiHzϕ†
−2z+ie

−iHzϕj |h⟩

ℒ = ψ̄(i∂/ − m)ψ + g(ψ̄ψ)2

H = H1 + H2 + H3 + H4 H1 = ∑
n=even

1
4 [XnYn+1 − YnXn+1]

1+1D NJL Model
• Lagrangian: 

• Discretization: staggered fermion 

• Hamiltonian:

ℒ = ψ̄α(iγμ∂μ − mα)ψα + g(ψ̄αψα)2

ψα(x) = (
ψα,1(x)
ψα,2(x)) ≡ (

ϕα,2n

ϕα,2n+1)

H = ∑
α,n

[− i
2 ϕ†

α,nϕα,n+1 − h . c) + (−1)nmαϕ†
α,nϕα,n]

−g ∑
α,n=even

[ϕ†
α,nϕα,n + ϕ†

α,n+1ϕα,n+1 − 2ϕ†
α,nϕα,nϕ†

α,n+1ϕα,n+1]

Simulate hadron structure on quantum computer
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• Hadron states are the eigenstates of the Hamiltonian with certain     
quantum numbers.  


• Prepare the state by variational quantum eigensolver (VQE)


• VQE is a hybrid method involves both classical and quantum computers

✦ Hadron state preparation - VQE

2103.08505 + … 

Potential energy surfaces

show its power in quantum chemistry

Nature 549, 242 (2017)

Simulate hadron structure on quantum computer
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✦ Hadron state preparation - VQE Li et al (QuNu), PRD (letter, 2022)

1. For a giving quantum number  and 
first  excited states, construct a trial 
hadronic state 

l
k

|ψlk⟩
2. Divide 


    


H = H1 + H2 + H3 + H4

U(θ) ≡
p

∏
i=1

n

∏
j=1

exp(i θijHj)

3. Generate the trial state: 
|ψlk(θ)⟩ = U(θ) |ψlk⟩
4. Measure the loss function: 


El(θ) =
k

∑
i=1

wli⟨ψli(θ) |H |ψli(θ)⟩

5. Optimize the parameters  on classical machine
θ*
6. Generate the hadron state
 |h⟩ = U(θ*) |ψlk⟩

Simulate hadron structure on quantum computer
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Quantum circuit for hadron structure
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✦ Measurement of hadron mass Mh = ⟨h |H |h⟩ − ⟨Ω |H |Ω⟩

• Considering the current limitations of using real quantum devices, 
the results are generated using a classical simulation of the 
quantum circuit


• Measure the mass of the lowest-lying -like hadron in NJL model 
with 2 flavors, QAOA has good accuracy


• For small quark mass, the dominant contribution comes from the 
interaction rather than the quark masses


• For , the quark masses are dominant

ud

ma = 0.8

ma = 0.2

N = 12
Higgs  

mechanism

QCD  
dynamics

Hadron mass on quantum computer
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✦  quark PDF of the lowest-lying zero-charge hadron

• Good agreement between quantum 
computing and numerical 
diagonalization


• The non-vanishing contributions in 
the  are partly due to the finite 
volume effect


• We observe the expected peak 
around  and qualitative 
agreement with pion PDFs

x > 1

x = 0.5

Li et al (QuNu), PRD (letter, 2022)

4

0.01 x

0.1

0.2

0.3

0.4

xf
i(x

)

0.1 0.3 0.5 0.7 0.9

qv

0.95 1

FIG. 2. Distribution of replicas for the pion valence quark (left), sea quark (middle), and gluon (⇥1/10) (right) PDFs versus
x at the scale µ0 for the NLO fixed order (red), and NLO+NLL cosine (green), expansion (blue), and double Mellin (gold)
analyses. The inset in the left panel magnifies the very large-x region. The central values of the sea quark and gluon posterior
samples are indicated by solid lines.

at high x than the other methods. Additionally, the cen-
tral values exhibit larger gluon distributions for the co-
sine and expansion methods compared to the NLO for
0.01 . x . 0.1, whereas the double Mellin resummation
favors a larger gluon at higher x.

To quantify the behavior of the valence PDF at large x,
we compute the e↵ective �v parameter reflecting the ex-
ponent of the (1 � x)�v term in Eq. (4), defined by [76]

�e↵
v (x, µ) =

@ log |qv(x, µ)|

@ log(1 � x)
. (5)

The results for the various resummation scenarios are
shown in Fig. 3 as a function of x at the input scale, µ0,
and compared with the ASV [33] analysis that fit the va-
lence PDF to DY data using the cosine method of thresh-
old resummation. In contrast to this work, ASV set hxiv

between 0.55 and 0.7 and fixed the sea quark and gluon
distributions from the earlier GRS analysis [36]. Con-
sistent with previous studies [37, 40, 43, 46], our NLO
analysis shows a linear fallo↵ of the valence PDF with
�e↵
v ⇡ 1 for x ! 1. Inclusion of threshold resummation

FIG. 3. E↵ective exponents �e↵
v for the various prescriptions

versus x at the scale µ0, compared with the ASV extrac-
tion [33]. The values �e↵

v = 1 and 2 are shown for reference.

results in a wide variety of �e↵
v values, with the cosine

and expansion methods yielding �e↵
v > 2, consistent with

ASV [33], and as large as ⇡ 2.6. However, with the dou-
ble Mellin method the e↵ective exponent is much closer
to the NLO case, with �e↵

v ⇡ 1.2 as x ! 1. This suggests
that with currently available data and theoretical meth-
ods, we cannot distinguish between �e↵

v ⇠ 1 and ⇠ 2
asymptotic behaviors.
Momentum fractions and pion mass decomposition —

A consequence of applying the NLL corrections to the DY
cross section is that the large-x momentum of the valence
quarks is redistributed to gluons at small x. The values of
the total momentum fractions hxii ⌘

R 1
0 dxxfi(x) for the

di↵erent flavors are shown in Table I. Interestingly, while
the shapes of the PDFs for the various resummed fits
di↵er, the momentum fractions are rather stable, with
⇡ 5%–6% of the momentum moving from the valence
quark to the gluon sectors.
This has important implications for the decomposition

of the pion mass into the quark and gluon energy and mo-
mentum, and trace anomaly contributions [77]. In par-
ticular, the gluon contribution to the mass is given by 3/4
of its momentum fraction, which amounts to 40(6) MeV,
or ⇡ 30% of the pion mass. This represents an increase
of ⇡ 14% on the gluonic fraction of the mass from the
NLO analysis without resummation.
Outlook — In the future, theoretical improvements will

extend the treatment of resummation to NNLO correc-
tions, allowing the analysis to be generalized to the gg
and qq0 channels and resummation e↵ects on sea quark
and gluon PDFs. Concurrently, planned high luminos-

TABLE I. Total momentum fractions of the valence quark,
sea quark, and gluon distributions at the input scale µ = µ0

for various resummation prescriptions.

resummation method hxiv hxis hxig
NLO 0.53(2) 0.14(4) 0.34(6)
NLO+NLL cosine 0.47(2) 0.14(5) 0.39(6)
NLO+NLL expansion 0.46(2) 0.16(5) 0.38(6)
NLO+NLL double Mellin 0.46(3) 0.15(7) 0.40(5)

JAM Collaboration, PRL, 2021

PDF on quantum computer
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✦ light cone distribution amplitude - the formation/decay of a hadron

ϕ(x) = 1
f ∫ dze−i(x−1)n⋅Pz⟨Ω | ψ̄(zn)γ+ψ(0) |h(P)⟩

Exclusive hadronization on quantum computer

Li et al (QuNu), SCPMA (2023)
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• SU(2) Hamiltonian Atas et al, Nature Commun. 2021

our case the B= 1 baryon circuit can be seen as a specialized
instance of the B= 0 circuit, so only the more general circuit
needs to be implemented on the quantum hardware, namely the
lower-left panel in Fig. 2.

The IBM Casablanca processor37 consists of seven qubits with the
coupling topology displayed in Fig. 3a. We arranged the active qubits
in a fashion such that only one SWAP gate is required to perform the
circuit. The reduced circuit possesses three variational parameters,
each modifying several single-qubit gates marked by the colored
boxes in Fig. 3a. In order to perform one measurement of the
Hamiltonian we need to repeat the ansatz state preparation and
measure each of the 36 multi-qubit Pauli operators in which it is
decomposed, and we average the measurement results over 8192
repetitions. In order to mitigate CNOT errors this procedure is
repeated three times for different noise rates, which allows to
extrapolate the results to the noise-free limit (see “Methods”).

The baryon mass obtained from the experimental VQE is
shown in Fig. 3b and we find good agreement with the exact
diagonalisation result.

Accessing excited states on quantum hardware. As a next step
in studying the properties of the baryon we address its mass ratio
with its partner particle, the meson. We consider the lightest
meson, which is the first excited state in the B= 0 sector with
energy Em, and mass Mm= Em− Ev.

In order to access excited states within the VQE approach, we
need to modify the cost function appropriately. Since the
eigenstates of the Hamiltonian are mutually orthogonal, we add
a term that penalizes variational states that overlap with the
lower-energy eigenstates. More precisely, after obtaining the
parameters θv that minimize ΨðθÞ

! ""Ĥ ΨðθÞ
"" #

, we consider as
cost function CðθÞ ¼ ΨðθÞ

! ""Ĥ ΨðθÞ
"" #

þ βjhΨðθÞjΨðθvÞij to
obtain the energy of the meson state, where β is a weight
chosen larger than the expected energy gap52. The measure-
ment of the overlap can be obtained by applying the unitary
ÛðθÞyÛðθvÞ to the initial state. This composite unitary evolution
can be realized by a further application of the inverse quantum
circuit. Consequently, the overlap is directly given by the
probability of measuring the initial state Ψ0

"" #
in the final state

ÛðθÞyÛðθvÞ Ψ0

"" #
. This procedure is trivially extendable, i.e.

higher excited states can be obtained recursively (see “Methods”
for more details).

Similar to the study of the baryon, we can simplify the VQE by
enforcing the suitable symmetries of the state directly within the
construction of the circuit, so that it creates only basis states that
have the correct B number, are gauge singlets, and contain a
limited number of particles. However, given the current
limitations on the fidelities of available gates, calculating the
required overlap is still a nontrivial task since it requires a deeper
circuit. We, therefore, reduce our lattice size to enable the
calculation on the quantum machine and compute the properties
of the meson for N= 2. By applying the strategies discussed in the
baryon case we can reduce the number of necessary qubits from
four to three. In Fig. 4 we report the results from an experimental
VQE calculation performed on the IBM Athens processor38,
where we obtain the energies necessary to compute the meson
mass. The vacuum and meson states are successfully computed
with good accuracy (Fig. 4a), and the mass of the meson is shown
in Fig. 4d. In Fig. 4b–c, we give the two circuits required to
calculate the cost function for the computation of the excited
meson state, namely one computing the expectation value of Ĥ,
and one computing the overlap with the previously calculated
vacuum.

Path towards the continuum limit. In the continuum limit,
SU(2) gauge theory dictates that the masses of the baryon and the
meson are equal53 because of a global SU(2) symmetry. Some
lattice discretisations will preserve this degeneracy but for others
it will only be restored in the continuum limit. Staggered
fermions40, as used here, are in the latter category, which means
the distinction between meson and baryon masses is a valuable
measure of approaching the continuum limit.

To study this effect quantitatively, let us define the hadron mass
ratio

r ¼
Mm

Mb
; ð8Þ

and obtain this quantity with explicit calculations from the qubit
Hamiltonian in Eqs. (3–6) on classical computers. In general, in order
to extrapolate lattice calculations to the continuum limit, it is
necessary to take the limit x→∞, while keeping a physical length
scale fixed4. Our small lattices are insufficient for performing a
continuum extrapolation, but we are able to consider the x
dependence while holding the mass ratio fixed. Figure 5a shows
curves of constant r in the plane spanned by x and ~m. Notice that any
curve with a fixed r > 1 does not allow for x→∞. The only constant-
physics curve that allows it is the one in the limit of r→ 1, therefore
the correct value of the mass ratio in the continuum limit has to be 1
as required by the theory’s SU(2) global symmetry.

VQE preparation of the baryon massb

x
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0
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15
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SU(2) “quark”

SU(2) “proton”

N = 4

1

2

3

4

5

6
a VQE circuit to prepare baryon and vacuum states

Exact baryon mass

Baryon mass (VQE)

Fig. 3 VQE calculation of a baryon. We variationally study an effective
eight sites chain with the experimental circuit shown in (a). The boxes
represent single-qubit gates. Gray boxes are fixed gates while the color
coding indicates dependence from three variational parameters. Their exact
implementation changes depending on the combination of the parameter
values, which is automatically compiled from the original circuit shown in
Fig. 2. This takes into account the coupling topology of the IBMQ
Casablanca processor, which, together with the qubit identification for the
B= 0 sector are shown on the left. b The circuit yields the mass of the
baryon (error bars are smaller than markers, see “Methods” for a more
detailed discussion), an SU(2)-"proton” (see inset), for a range of x and
~m ¼ 1 as explained in the main text.
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our case the B= 1 baryon circuit can be seen as a specialized
instance of the B= 0 circuit, so only the more general circuit
needs to be implemented on the quantum hardware, namely the
lower-left panel in Fig. 2.

The IBM Casablanca processor37 consists of seven qubits with the
coupling topology displayed in Fig. 3a. We arranged the active qubits
in a fashion such that only one SWAP gate is required to perform the
circuit. The reduced circuit possesses three variational parameters,
each modifying several single-qubit gates marked by the colored
boxes in Fig. 3a. In order to perform one measurement of the
Hamiltonian we need to repeat the ansatz state preparation and
measure each of the 36 multi-qubit Pauli operators in which it is
decomposed, and we average the measurement results over 8192
repetitions. In order to mitigate CNOT errors this procedure is
repeated three times for different noise rates, which allows to
extrapolate the results to the noise-free limit (see “Methods”).

The baryon mass obtained from the experimental VQE is
shown in Fig. 3b and we find good agreement with the exact
diagonalisation result.

Accessing excited states on quantum hardware. As a next step
in studying the properties of the baryon we address its mass ratio
with its partner particle, the meson. We consider the lightest
meson, which is the first excited state in the B= 0 sector with
energy Em, and mass Mm= Em− Ev.

In order to access excited states within the VQE approach, we
need to modify the cost function appropriately. Since the
eigenstates of the Hamiltonian are mutually orthogonal, we add
a term that penalizes variational states that overlap with the
lower-energy eigenstates. More precisely, after obtaining the
parameters θv that minimize ΨðθÞ

! ""Ĥ ΨðθÞ
"" #

, we consider as
cost function CðθÞ ¼ ΨðθÞ

! ""Ĥ ΨðθÞ
"" #

þ βjhΨðθÞjΨðθvÞij to
obtain the energy of the meson state, where β is a weight
chosen larger than the expected energy gap52. The measure-
ment of the overlap can be obtained by applying the unitary
ÛðθÞyÛðθvÞ to the initial state. This composite unitary evolution
can be realized by a further application of the inverse quantum
circuit. Consequently, the overlap is directly given by the
probability of measuring the initial state Ψ0

"" #
in the final state

ÛðθÞyÛðθvÞ Ψ0

"" #
. This procedure is trivially extendable, i.e.

higher excited states can be obtained recursively (see “Methods”
for more details).

Similar to the study of the baryon, we can simplify the VQE by
enforcing the suitable symmetries of the state directly within the
construction of the circuit, so that it creates only basis states that
have the correct B number, are gauge singlets, and contain a
limited number of particles. However, given the current
limitations on the fidelities of available gates, calculating the
required overlap is still a nontrivial task since it requires a deeper
circuit. We, therefore, reduce our lattice size to enable the
calculation on the quantum machine and compute the properties
of the meson for N= 2. By applying the strategies discussed in the
baryon case we can reduce the number of necessary qubits from
four to three. In Fig. 4 we report the results from an experimental
VQE calculation performed on the IBM Athens processor38,
where we obtain the energies necessary to compute the meson
mass. The vacuum and meson states are successfully computed
with good accuracy (Fig. 4a), and the mass of the meson is shown
in Fig. 4d. In Fig. 4b–c, we give the two circuits required to
calculate the cost function for the computation of the excited
meson state, namely one computing the expectation value of Ĥ,
and one computing the overlap with the previously calculated
vacuum.

Path towards the continuum limit. In the continuum limit,
SU(2) gauge theory dictates that the masses of the baryon and the
meson are equal53 because of a global SU(2) symmetry. Some
lattice discretisations will preserve this degeneracy but for others
it will only be restored in the continuum limit. Staggered
fermions40, as used here, are in the latter category, which means
the distinction between meson and baryon masses is a valuable
measure of approaching the continuum limit.

To study this effect quantitatively, let us define the hadron mass
ratio

r ¼
Mm

Mb
; ð8Þ

and obtain this quantity with explicit calculations from the qubit
Hamiltonian in Eqs. (3–6) on classical computers. In general, in order
to extrapolate lattice calculations to the continuum limit, it is
necessary to take the limit x→∞, while keeping a physical length
scale fixed4. Our small lattices are insufficient for performing a
continuum extrapolation, but we are able to consider the x
dependence while holding the mass ratio fixed. Figure 5a shows
curves of constant r in the plane spanned by x and ~m. Notice that any
curve with a fixed r > 1 does not allow for x→∞. The only constant-
physics curve that allows it is the one in the limit of r→ 1, therefore
the correct value of the mass ratio in the continuum limit has to be 1
as required by the theory’s SU(2) global symmetry.

VQE preparation of the baryon massb
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a VQE circuit to prepare baryon and vacuum states

Exact baryon mass

Baryon mass (VQE)

Fig. 3 VQE calculation of a baryon. We variationally study an effective
eight sites chain with the experimental circuit shown in (a). The boxes
represent single-qubit gates. Gray boxes are fixed gates while the color
coding indicates dependence from three variational parameters. Their exact
implementation changes depending on the combination of the parameter
values, which is automatically compiled from the original circuit shown in
Fig. 2. This takes into account the coupling topology of the IBMQ
Casablanca processor, which, together with the qubit identification for the
B= 0 sector are shown on the left. b The circuit yields the mass of the
baryon (error bars are smaller than markers, see “Methods” for a more
detailed discussion), an SU(2)-"proton” (see inset), for a range of x and
~m ¼ 1 as explained in the main text.
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connecting sites n and n+ 1 (see Supplemental Information for
the continuum model).

The last term in the Hamiltonian corresponds to the invariant
Casimir operator of the theory and represents color electric field
energy stored in the gauge links. Here, L̂

2
n ¼ ∑aL̂

a
nL̂

a
n ¼ ∑aR̂

a
nR̂

a
n

where L̂
a
n and R̂

a
n (with a= x, y, z) are respectively the left and

right color electric field components on the link n. For a non-
Abelian gauge group, the right and left color electric field are
different and are related via the adjoint representation

R̂
a
n ¼ ∑bðÛ

adj
n ÞabL̂

b
n, where ðÛadj

n Þab ¼ 2Tr ÛnT
aÛ

y
nT

b
h i

, Ta are

the three generators of the SU(2) algebra and are given by half the
Pauli matrices41.

Symmetries and non-Abelian physics. By virtue of its gauge
invariance, the Hamiltonian in Eq. (1) commutes with the local
gauge transformation generators, also called the Gauss’s law
operators, and are given by Ĝ

a
n $ L̂

a
n % R̂

a
n%1 % Q̂

a
n; where the

non-Abelian charges Q̂
a
n acting on the site n are defined as

Q̂
a
n ¼ ∑

ij
ϕ̂
iy
n ðT

aÞijϕ̂
j
n; a ¼ x; y; z: ð2Þ

More precisely, the physical Hilbert space of the theory is span-
ned by the eigenstates of the Gauss’s law operators Ĝ

a
n. In the

following, we choose to work in the sector with no external
charges which is specified by Ĝn Ψj i ¼ 0, ∀ n, and in the neutral
total charge sector Q̂

a
tot Ψj i ¼ ∑N

n¼1 Q̂
a
n Ψj i ¼ 0, ∀ a.

Remarkably, the non-Abelian nature of the model allows the
existence of gauge-invariant singlet states which are forbidden in
the Abelian case due to symmetry constraints. To see this, we
note that the total color charges Q̂

a
tot ¼ ∑N

n¼1 Q̂
a
n are conserved

quantities and commute with the Hamiltonian. Besides the three
non-Abelian charges, the Hamiltonian also commutes with the

redness and greenness operators defined as R̂ ¼ ∑N
n¼1 ϕ̂

1y
n ϕ̂

1
n %

N=2 and Ĝ ¼ ∑N
n¼1 ϕ̂

2y
n ϕ̂

2
n % N=2, which respectively measure the

red and green color charges. Because redness and greenness do
not have convenient symmetry properties, it is more natural to
use their difference (which is purely within the SU(2) gauge
symmetry, since R̂%Ĝ

2 ¼ Q̂
z
tot ) and their sum (which is a global

U(1) symmetry). We therefore define the baryon quantum

number of the model as B̂ ¼ R̂þĜ
2 ¼ 1

2∑
N
n¼1 ϕ̂

y
nϕ̂n % N=2 which

measures the matter-antimatter imbalance.
The existence of multiple conserved charges in the non-

Abelian theory has to be contrasted with the Abelian U(1) case
of quantum electrodynamics (QED), where the electric charge
is the only conserved quantity. In QED, the total electric charge
coincides with the baryon number B of the system42, and the
neutral charge constraint thus imposes the value of the matter-
antimatter imbalance to be zero. In other words, neutral gauge
invariant states of QED must contain as many electrons as
positrons leading to meson-type singlet states only. On the
other hand, the constraint of neutral charge for the SU(2)
theory Q̂

i
tot Ψj i ¼ 0, ∀ i does not enforce the value of the baryon

quantum number B, since these are different quantum
numbers. Therefore, it is possible to construct color-neutral
gauge-invariant singlets with B ≠ 0, which are forbidden in
QED. While the states in the B= 0 sector are similar to the
neutral states of QED, the states in the sector with B ≠ 0 have no
equivalent in Abelian theories. In particular, we will refer to the
ground state in the sector with B= 1 as a baryon state, the
ground state in B= 0 will be the vacuum and the first excited
state will be called a meson state. A pictorial comparison of a
meson and a baryon is given in Fig. 1b.

Elimination of the gauge fields and qubit formulation. To
study the energy spectrum of the SU(2) theory on a quantum
computer, we map the lattice Hamiltonian in Eq. (1) to a qubit
system. In one spatial dimension and with open boundary
conditions, the gauge degrees of freedom can be integrated out
and implicitly contribute to the non-Abelian physics through
long-range exotic interactions43–47 (see Supplemental Note 2
for details and Eq. (6) below). This approach eliminates
redundant degrees of freedom and allows us to calculate our
target model with a minimal number of qubits. As a second
step, a Jordan-Wigner transformation is applied to map the
fermionic matter degrees of freedom to Pauli spin operators
(see Supplementary Note 3 for details). The Hamiltonian is
rescaled into the dimensionless form

Ĥ ¼ x ~mĤm þ Ĥel þ xĤkin; ð3Þ

where we have defined the dimensionless Hamiltonian para-
meters ~m ¼ alm, x ¼ 1

a2l g
2, and we have added a constant to

normalize the strong coupling (x→ 0) ground state energy to
zero. The different terms in the Hamiltonian are given by

Ĥm ¼ 2 ∑
N

n¼1

ð%1Þn

2
σ̂z2n%1 þ σ̂z2n
! "

þ 1
# $

; ð4Þ

Ĥkin ¼ % ∑
N%1

n¼1
σ̂þ2n%1σ̂

z
2nσ̂

%
2nþ1 þ σ̂þ2nσ̂

z
2nþ1σ̂

%
2nþ2 þ H:C:

! "
; ð5Þ

Spatial lattice and qubit encodinga
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Abelian vs. non-Abelian (color-) neutral matter configurationsb
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any Abelian theory.
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Fig. 1 Gauge theory on a lattice. To study the SU(2) theory in one
dimension, we employ the spatial lattice in (a), where each site consists of
either matter or antimatter particles of the two possible colors. In the
equivalent qubit formulation, each particle is represented by a qubit on a
one-dimensional chain, which hence contains a number of qubits that
equals twice the number of staggered sites. For a full discussion of the qubit
representation see Supplementary Fig. 1. b Illustrates a comparison
between the different gauge invariant states allowed in the neutral charge
sector of Abelian QED and SU(2). While in the Abelian case neutral states
require an equal number of matter (full spheres) and antimatter (striped
spheres) particles, in the non-Abelian case, color-neutral states with a non-
zero matter-antimatter imbalance are possible.
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Quantum computing technologies are developing quickly
in recent years with applications in a broad range of
scientific areas from chemistry to fundamental interac-

tions of Nature. Prime candidates for the application of such
quantum simulations are gauge theories, which play a major role
in many branches of physics and comprise the entire Standard
Model of particle physics. Within this area, quantum computa-
tion of non-Abelian gauge theories is an outstanding challenge.

The most prominent example, quantum chromodynamics (QCD),
is a non-Abelian gauge theory that explains the strong interactions
between quarks and gluons and ultimately underlies nuclear physics.
There are also suggestions of non-Abelian forces beyond the Stan-
dard Model (BSM) that are completely separate from QCD and
might, for example, underlie the Higgs sector of the Standard Model1
or provide a strongly interacting theory for dark matter2.

Lattice gauge theory (LGT)3 is a mature and successful dis-
cretisation strategy for computational methods that have devel-
oped into an extremely successful field of science. The
formulation of the theory on a spacetime lattice provides a non-
perturbative regularization of the theory with the lattice spacing
playing the role of an inverse UV cutoff. Modern LGT calcula-
tions have provided precise quantitative results and important
insights for QCD4, nuclear physics5, and non-Abelian BSM
theories6, and they will continue to do so for the foreseeable
future. Quantum computers offer a possibility to extend the reach
of LGT into regimes that are presently unattainable7. Funda-
mental issues like the sign problem8,9 prevent classical methods
for LGTs from studying many properties of interest such as real-
time particle dynamics and highly entangled matter, so quantum
simulations will play an essential role in improving our under-
standing of Nature.

Quantum simulations of LGTs are a growing research area10,
addressing both real-time dynamics and equilibrium problems.
Our work contributes to the latter. Equilibrium problems include
important sign-problem afflicted settings such as models with
high matter density (with finite chemical potentials) and topo-
logical theories. While current proof-of-concept demonstrations
of equilibrium problems still address sign-problem-free settings,
they form the foundation for extensions to more complicated
models. This foundation is currently built by simulating low-
dimensional benchmarking models. Even though the ultimate
goal is the simulation of three-dimensional (3D) theories, so far
all quantum simulation experiments realize 1D models. More-
over, while different experimental realisations of 1D Abelian
LGTs have been successful11–16, non-Abelian theories are fun-
damentally different. Efforts to confront this challenge are
underway17–31, and a first important step has been made by
experimentally realising pure gauge non-Abelian theories32,33. In
this work, we present the first quantum computer calculation for
a non-Abelian gauge theory with the dynamically coupled matter.

We consider as gauge group SU(2), which is the smallest non-
Abelian Lie group and is thus a key step towards studying full
QCD. In contrast to an Abelian theory, it is possible to build
gauge singlet states from valence fermions, without any valence
antifermions; the lowest energy state that exhibits this distinctly
non-Abelian feature is called a baryon and it has no counterpart
in an Abelian theory. The non-Abelian theory also contains a
meson, which is built from one valence fermion and one valence
antifermion and is thus the counterpart to a neutral state in an
Abelian theory.

While the considered non-Abelian model can in principle be
realized by adapting the very successfully explored purely quan-
tum simulations11,15,16,34,35, its complexity is currently out of
reach for implementing such strategies on present-day devices.
We, therefore, use a hybrid quantum-classical approach and
employ a so-called variational quantum eigensolver (VQE).

Within the VQE protocols, the task of preparing the baryon and
meson state is cast into the form of an optimisation problem
which is solved by a classical algorithm with cost function eva-
luations made on a quantum co-processor.

Running deep quantum circuits on present-day devices is a
formidable challenge in the current era of noisy intermediate-
scale quantum (NISQ)-devices36, which pose severe restrictions
in the number of qubits used and the number of gates applied.
Given these restrictions, we use a number of measures to make
the calculations possible: (i) We integrate out the gauge field
degrees of freedom to reduce the experimental resources needed.
(ii) We design efficient circuits that generate an ansatz state
containing only components relevant for the chosen parameter
regimes and (iii) we reduce the depth of the experimental circuit
by relegating part of the computation to classical preprocessing
that can be performed efficiently. Note that the techniques
developed in points (ii) and (iii) are general and not exclusive to
the studied non-Abelian theory or LGT calculations.

In this work we study an SU(2) gauge theory with dynamical
matter fields on the IBM Quantum Experience37,38, and we
experimentally study physics beyond the Abelian features
demonstrated so far. More specifically, we perform a quantum
computation experiment to variationally access the lowest hadron
energies of the model, namely the non-Abelian baryon and the
meson state. This allows us to calculate their masses on the
quantum computer. In particular, we perform calculations for
different lattice sizes to show how a known physical symmetry
emerges: the baryon and meson masses are equal in the physical
limit where lattice artifacts vanish.

Results
SU(2) gauge theory. The quantum field theory for SU(2) gauge
fields interacting with fundamental fermions is well known39. At
each point in spacetime a matter field operator can annihilate a
fermion of one of two possible colors (here named red and green),
or it can create the corresponding antiparticle. The gauge fields
(or “gluons”) at each point mediate the interactions between color
charges. The quantum field theory in the continuum is described
in more detail in Supplementary Note 1.

Because the non-Abelian nature of SU(2) leads to strong
interactions and the confinement of color charge, these fermions
and gluons are confined within color-singlet hadrons that cannot
be studied perturbatively. In order to access the non-perturbative
regime, both classical and quantum simulations require for-
mulating the gauge theory on a lattice. Lattice calculations on
classical computers are successful in Euclidean spacetime with a
least-action approach, but quantum computers can address new
regimes of the theory by working directly in Minkowski
spacetime with a Hamiltonian approach.

We follow the staggered fermion formulation of Kogut and
Susskind, where fermions and antifermions occupy separate
lattice sites, arranged in an alternating pattern along the lattice
(Fig. 1a). The lattice Hamiltonian40,41 in natural units (ℏ= c= 1)
is

Ĥl ¼
1
2al

∑
N"1

n¼1
ϕ̂
y
nÛnϕ̂nþ1 þH:C:

! "

þ m ∑
N

n¼1
ð"1Þnϕ̂

y
nϕ̂n þ

alg
2

2
∑
N"1

n¼1
L̂
2
n;

ð1Þ

where H.C. denotes the Hermitian conjugate, N is the number of
lattice sites with spacing al, g is the gauge coupling, m is the

fermion mass, ϕ̂n ¼ ϕ̂
1
n; ϕ̂

2
n

! "T
is the staggered fermion field at

site n with a red and a green component, and Ûn is the gauge link
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Quantum computing technologies are developing quickly
in recent years with applications in a broad range of
scientific areas from chemistry to fundamental interac-

tions of Nature. Prime candidates for the application of such
quantum simulations are gauge theories, which play a major role
in many branches of physics and comprise the entire Standard
Model of particle physics. Within this area, quantum computa-
tion of non-Abelian gauge theories is an outstanding challenge.

The most prominent example, quantum chromodynamics (QCD),
is a non-Abelian gauge theory that explains the strong interactions
between quarks and gluons and ultimately underlies nuclear physics.
There are also suggestions of non-Abelian forces beyond the Stan-
dard Model (BSM) that are completely separate from QCD and
might, for example, underlie the Higgs sector of the Standard Model1
or provide a strongly interacting theory for dark matter2.

Lattice gauge theory (LGT)3 is a mature and successful dis-
cretisation strategy for computational methods that have devel-
oped into an extremely successful field of science. The
formulation of the theory on a spacetime lattice provides a non-
perturbative regularization of the theory with the lattice spacing
playing the role of an inverse UV cutoff. Modern LGT calcula-
tions have provided precise quantitative results and important
insights for QCD4, nuclear physics5, and non-Abelian BSM
theories6, and they will continue to do so for the foreseeable
future. Quantum computers offer a possibility to extend the reach
of LGT into regimes that are presently unattainable7. Funda-
mental issues like the sign problem8,9 prevent classical methods
for LGTs from studying many properties of interest such as real-
time particle dynamics and highly entangled matter, so quantum
simulations will play an essential role in improving our under-
standing of Nature.

Quantum simulations of LGTs are a growing research area10,
addressing both real-time dynamics and equilibrium problems.
Our work contributes to the latter. Equilibrium problems include
important sign-problem afflicted settings such as models with
high matter density (with finite chemical potentials) and topo-
logical theories. While current proof-of-concept demonstrations
of equilibrium problems still address sign-problem-free settings,
they form the foundation for extensions to more complicated
models. This foundation is currently built by simulating low-
dimensional benchmarking models. Even though the ultimate
goal is the simulation of three-dimensional (3D) theories, so far
all quantum simulation experiments realize 1D models. More-
over, while different experimental realisations of 1D Abelian
LGTs have been successful11–16, non-Abelian theories are fun-
damentally different. Efforts to confront this challenge are
underway17–31, and a first important step has been made by
experimentally realising pure gauge non-Abelian theories32,33. In
this work, we present the first quantum computer calculation for
a non-Abelian gauge theory with the dynamically coupled matter.

We consider as gauge group SU(2), which is the smallest non-
Abelian Lie group and is thus a key step towards studying full
QCD. In contrast to an Abelian theory, it is possible to build
gauge singlet states from valence fermions, without any valence
antifermions; the lowest energy state that exhibits this distinctly
non-Abelian feature is called a baryon and it has no counterpart
in an Abelian theory. The non-Abelian theory also contains a
meson, which is built from one valence fermion and one valence
antifermion and is thus the counterpart to a neutral state in an
Abelian theory.

While the considered non-Abelian model can in principle be
realized by adapting the very successfully explored purely quan-
tum simulations11,15,16,34,35, its complexity is currently out of
reach for implementing such strategies on present-day devices.
We, therefore, use a hybrid quantum-classical approach and
employ a so-called variational quantum eigensolver (VQE).

Within the VQE protocols, the task of preparing the baryon and
meson state is cast into the form of an optimisation problem
which is solved by a classical algorithm with cost function eva-
luations made on a quantum co-processor.

Running deep quantum circuits on present-day devices is a
formidable challenge in the current era of noisy intermediate-
scale quantum (NISQ)-devices36, which pose severe restrictions
in the number of qubits used and the number of gates applied.
Given these restrictions, we use a number of measures to make
the calculations possible: (i) We integrate out the gauge field
degrees of freedom to reduce the experimental resources needed.
(ii) We design efficient circuits that generate an ansatz state
containing only components relevant for the chosen parameter
regimes and (iii) we reduce the depth of the experimental circuit
by relegating part of the computation to classical preprocessing
that can be performed efficiently. Note that the techniques
developed in points (ii) and (iii) are general and not exclusive to
the studied non-Abelian theory or LGT calculations.

In this work we study an SU(2) gauge theory with dynamical
matter fields on the IBM Quantum Experience37,38, and we
experimentally study physics beyond the Abelian features
demonstrated so far. More specifically, we perform a quantum
computation experiment to variationally access the lowest hadron
energies of the model, namely the non-Abelian baryon and the
meson state. This allows us to calculate their masses on the
quantum computer. In particular, we perform calculations for
different lattice sizes to show how a known physical symmetry
emerges: the baryon and meson masses are equal in the physical
limit where lattice artifacts vanish.

Results
SU(2) gauge theory. The quantum field theory for SU(2) gauge
fields interacting with fundamental fermions is well known39. At
each point in spacetime a matter field operator can annihilate a
fermion of one of two possible colors (here named red and green),
or it can create the corresponding antiparticle. The gauge fields
(or “gluons”) at each point mediate the interactions between color
charges. The quantum field theory in the continuum is described
in more detail in Supplementary Note 1.

Because the non-Abelian nature of SU(2) leads to strong
interactions and the confinement of color charge, these fermions
and gluons are confined within color-singlet hadrons that cannot
be studied perturbatively. In order to access the non-perturbative
regime, both classical and quantum simulations require for-
mulating the gauge theory on a lattice. Lattice calculations on
classical computers are successful in Euclidean spacetime with a
least-action approach, but quantum computers can address new
regimes of the theory by working directly in Minkowski
spacetime with a Hamiltonian approach.

We follow the staggered fermion formulation of Kogut and
Susskind, where fermions and antifermions occupy separate
lattice sites, arranged in an alternating pattern along the lattice
(Fig. 1a). The lattice Hamiltonian40,41 in natural units (ℏ= c= 1)
is
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where H.C. denotes the Hermitian conjugate, N is the number of
lattice sites with spacing al, g is the gauge coupling, m is the
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site n with a red and a green component, and Ûn is the gauge link
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